Hong-Ou-Mandel (HOM) effect was long believed to be a two-photon interference phenomenon.
I. INTRODUCTION
In 1987, Hong, Ou and Mandel did an experiment to measure the time interval between two photons generated from spontaneous parametric down conversion (SPDC) [1] . They show that when two indistinguishable photons are mixed at a beam splitter, they will bunch with each other into either one of the two outputs. This phenomenon of two-photon interference is later known as the Hong-Ou-Mandel (HOM) effect. The HOM-type interference have also been found in electrons [2, 3] , atoms [4, 5] and phonons [6] . The development of ion traps [7] and other technologies made the observation and manipulation of single particle possible. As a result, different versions of HOM experiments have been done by using quantum dots [8, 9] , atoms in cavity quantum electrodynamics [10] and nearby trapped neutral atoms [11] as photon sources. It has also been found that entanglement can be generated between photon sources (e.g. atoms and ions). Different protocols of entanglement generation using such effect have been proposed [12] [13] [14] [15] [16] [17] [18] . In addition, HOM experiment has been used to realize remote quantum communication [19, 20] and assess photon entanglement [21] .
In this paper, we introduce a protocol for generating entanglement based on HOM experiment [22] and prove its robustness against experimental imperfections. We will show that two photons after the beam splitter can be detected one after another by the same detector and in the time interval between the two detections, the light sources are entangled. This is different from the photon interference picture of the original HOM experiment, where no entanglement between the light sources are involved. The entanglement between the two light sources can be further manipulated such that the path of the second photon can be controlled. Starting from the same setup as the original HOM experiment, we reconstruct its result by introducing entangled light sources (trapped ions in our case). This gives us a new insight into HOM effect that it can be interpreted by entanglement rather than photon interference.
The article is organized as following. We show our general idea in Sec. 2. In Sec. 2 A, we use the spontaneous emission of two-level atoms as photon source to repeat the original HOM experiment. Toward a feasible experimental realization, we introduce an improved setup with Raman transitions in Sec. 2 B. We show that in such a system, the entangled state induced by single-photon detection can be manipulated to achieve a path redistribution of the second photon. In Sec. 3, we conduct a quantum jump simulation of our system to show its robustness against various kinds of experimental noises.
II. THE BASIC THEORY

A. Simplified model using spontaneous emission
In order to demonstrate the physical picture of our scheme, in the following we briefly introduce a toy model. The experimental setup of this model is sketched in Fig. 1 (a). Two identical two-level atoms with excited state |a and ground state |b are trapped in two separate cavities. Photons emitted from spontaneous decay leak from the cavity and mix at a 50/50 beam splitter. We assume that the coupling between the atoms and the cavities satisfy the bad cavity limit and only an enhanced decay rate of the atoms is introduced by the cavities. The photons from the outputs of the beam splitter can be observed by two detectors.
According to Weisskopf-Wigner theory, the time evolution of the wave function is
where Γ is the cavity-enhanced decay rate. |b 1 a 2 means the first atom is in the ground state |b and the second atom is in the excited state |a . |1 ν 1 (ν 2 ) means the single photon state emitted by the first (second) atom with frequency ν 1 (ν 2 ). We assume the optical path length from the atoms to the detectors is L. If L/c 1/Γ, i.e., when the detectors detect the photons, the two atoms have decayed. The last term dominates the wavefunction. Thus we have,
where
dν j |1 ν j is a single photon state with a frequency width mainly determined by the detection time t (since it is much shorter than the life time of the atoms).
Consequently, after the beam splitter, the single photon states are transformed to the detector modes,
where |1 γa and |1 γ b are single photon states that can be detected by detectors D 1 and D 2 , respectively. The conventional HOM effect is shown by
Up to here we demonstrate that the HOM experiment can be repeated via photons generated from spontaneous decay. However, if L/c 1/Γ, the detectors can detect a photon when probably only one photon is emitted. To the first order of t 1/Γ, the last term in Eq. (1) can be neglected and the second and the third terms in Eq. (1) are
Substituting Eq. (3) in Eq. (5), we obtain,
When a photon is observed by one of the detectors, the atomic state will be projected into one of the two maximally entangled states,
Starting from these entangled states, the two atoms will continue to emit another photon that can only be observed by the clicked detector due to the phase correlation established by the detection of the first photon. Eventually, we will again get the final state
The general evolution of this system is shown in Fig. 1(b) . In this scenario, we do not have two-photon interference. However, only one of the detectors will click and click twice, which is consistent with the traditional HOM experiments.
Although this system gives us a clear picture of the scheme, it may not be feasible in experiments. The spontaneous decay of an atom cannot be controlled easily, which limits our ability to control the entangled states. Also, we cannot guarantee that the photons emitted from the spontaneous decay will go into the beam splitter, which sharply lowers the probability of success in this scheme. In order to resolve these problems, we proposed a modified scheme with Raman transitions.
B. Controllable system with Raman transitions
To introduce the Raman-like transition system, we simply replace the two-level atoms in Fig. 1(a) by trapped ions. The energy levels of ions are shown in Fig. 1(c) . They have three energy levels where the two lower levels |a and |b are coupled with the upper level |3 by a cavity field and a classical light field. A same large detuning ∆ is introduced on both transitions. The |b ↔ |c transition is coupled to the cavity mode while |a ↔ |c transition is driven by the light field. If the initial state of an ion is |a , it is clear that a photon will be released to the cavity when the transition |a → |b happens.
To describe the evolution of such a system, we use a master equation approach. The
Hamiltonian of the ion-cavity system can be written as
where Ω and g denote the coupling of the driving light field and the cavity mode, respectively, while c i is the annihilation operator for cavity mode. The subscript i = 1, 2 represents two individual cavities. Here we choose the interaction picture and set = 1. To describe the dynamics of the system, we introduce an effective Hamiltonian used in quantum dissipation system [22] ,
|c ii c|.
The upper level |c can decay to the two lower levels with decay rates γ ca and γ cb , respectively.
The decay rate of the cavities is 2κ. This effective Hamiltonian is used to describe the evolution of the system when neither a spontaneous emission nor a cavity decay occurs.
Under optimal conditions, we assume that γ ca = γ cb = 0 and the detuning ∆ is large enough, then H ef f can be reduced to the form
When no cavity decay happens, the system evolves under H ef f . Consider the initial state |ψ(0) = |aa |00 , then when the evolution time t is short enough to obey the relationship gΩt ∆ 1, the state evolves as
where |1 and |0 denote the photon state in cavity. The annihilation operators d 1 and d 2 of the output modes that can be detected by the photon detectors are related to the cavity modes c 1 and c 2 by
If a detector clicks, let's say detector d 1 clicks, the state is projected into
with a detection rate R ≈ 4κ( ac Stark shift [23] due to the laser field can shift the energy level of the ion, which results in an additional energy difference between |a and |b . Energy shift introduced by the laser field are highly sufficient and can be measured precisely [24] . By denoting the energy shift as E and the duration of the applied laser field as τ , the resulted entangled state is
After that we eliminate the laser field and turn on the driven field to drive the system, which evolves as
Thus, when the second photon is detected, the probability P 1 and P 2 at which detector d 1 or d 2 clicks obey the relation
Notice that when Eτ = 0, i.e., if we do not apply the laser field to manipulate the entangled state, the original HOM effect is achieved. However, when Eτ = π it turns out that P 1 = 0, i.e. the second photon must be observed by detector d 2 .
The process is similar if the first photon is detected by d 2 . With the above calculation, we demonstrate the process of generating entangled states and the manipulation of the entangled states, which controls the fate of the second photon.
III. QUANTUM JUMP SIMULATION
Besides analytical calculation, it is necessary to prove the robustness and versatility of our scheme in experiments, where errors and imperfection are inevitable. We use a quantum jump simulation based on Monte Carlo method to simulate the experiment. Several kinds of experimental errors are included in the simulation to test the robustness of the above protocol. We briefly introduce the procedure of the simulation in the fo owing [26] :
1. Set an initial state |ψ(0) and a minimal time interval δt. The process will be divided into discrete period of time δt.
2. Determine the current probability of a quantum jump P , which is induced by a cavity decay or a spontaneous decay. For example, the probability that detector d 1 clicks at current time is
3. Generate a random number r between 0 and 1 and compare with P .
4. If r < P there is a quantum jump (decay). Since there might be multiple possibilities of quantum jump (e.g. detector d 1 clicks or spontaneous decay |c → |b , etc.), we need to divide P into various kinds of quantum jumps proportional to their probabilities.
If one of the quantum jumps happens, for example, detector d 1 clicks, then the system jumps to the renormalized form
5. If r > P no jump takes place, thus the system evolves under the effective Hamiltonian in a renormalized way, which gives
6. Repeat the above process for time interval δt until a photon is detected or arriving at the maximal waiting time.
It is clear that our scheme can be divided into two parts, namely, entanglement generation and manipulation, which can be marked by two single-photon detections. Therefore, in the following we demonstrate the simulation results of these two parts respectively.
A. Entanglement generation
The most common errors in the procedure of generating entanglement include detection efficiency, beam splitter imperfection and spontaneous decay. Hence, we consider these three errors in our simulation. We choose the following parameters: Ω = g, κ = 10g and ∆ = 20g. The theoretical probability for successfully getting entangled state is p = RT = 4κT (gΩ/∆κ) 2 where T is the waiting time. Choosing T = 100/g, we get p = 0.1. For each run of simulation, the process is conducted by 10 5 times and the fidelity of entangled state (F ) together with the success probability (p) being calculated. Detection efficiency: In theoretical computation we assume that photons generated by Raman-like transition will surely be observed by one of the detectors. However, this assumption may not hold true in practical experiments. The decreased efficiency of detecting photons can be caused by several reasons. Namely, non-unitary detector efficiency and coupling efficiency between the ion and the cavity. By denoting the detection efficiency as η, it is quite straightforward that the success probability p under such condition will be p = ηp = 4ηκT (gΩ/∆κ) 2 . The results of simulation with different η are shown in Fig. 2 .
According to the figure, the linear relation between p and η is well satisfied. Also, we can get an entangled state with F ≈ 0.987 even if η reduced to 0.5, which imply great robustness against imperfect detection efficiency. which might be unrealistic in practical experiments. Instead, the ratio λ = R/T , where R and T represent the reflection and transition rate of beam splitter respectively, may not equal to one. This results in a changed form of Eq. (12) and (13) as
By applying above relations to the simulation, we choose λ ranging from 0.5 to 1.5 and the results are shown in Fig. 3 . From the figure we can conclude that the imperfection of beam splitter have little influence on either fidelity or success probability of the scheme. The entangled state can still reach a great fidelity of F ≈ 0.99 when λ is as large as 1.5, which is definitely an important feature of practicability.
Spontaneous decay: Although Raman-like transition system provides us with the ability to control and adjust the trapped ions, spontaneous decay is still unavoidable in such system.
As discussed in Sec. 2, when considering the effect of spontaneous decay, we must use H ef f as evolution Hamiltonian instead of H ef f . Moreover, in the process of simulation, multiple choices of quantum jump need to be included. For instance, if the spontaneous decay |c → |b takes place, no photon will be coupled into the cavity mode, hence results no possibility of photon detection. This will reduce the success probability of our scheme.
For simplicity, in the simulation we set γ ca = γ cb = γ and choose different γ to verify its impact. Here we consider γ ranging from 0.05g to 0.5g and the results are shown in Fig.   4 . We find that both F and p obey an nearly linear relation with γ. When γ increase to a significant value of 0.5g, we can still get an entangled state with F ≈ 0.89 and p ≈ 0.08, which is acceptable in practical experiments.
From above three simulations we can conclude that first step of our scheme, i.e. entangle-ment generation, has fine robustness under certain level of experimental errors, which lays a basic foundation for future experiments.
B. Photon redistribution
As discussed above, a laser field can be used to control the relative phase of prepared states. Since the time period of manipulation can be made very short by enlarging the energy shift, we ignore other possible process that may happen during the manipulation. In order to demonstrate the results of simulation, we define the probability of observing two photons in the same detector P s . By denoting the relative phase added by the laser field as φ = Eδt, we can get from Eq. (17) that
In our simulation, for each chosen group of parameters, the process is repeated by 10 4 times.
We choose a waiting time for the second photon as T 2 = 100T and compute the probability P s as P s = number of events that two photons go into the same detector total number of two photon detection .
Here we consider two situations with and without spontaneous decay, i.e. evolution of the system is governed by H ef f and H ef f respectively. The results of simulation are shown in Fig. 5 . According to the figure, a spontaneous decay rate γ = 0.1g gives P s certain deviation compared to theoretical results. However, when spontaneous decay rate is limited, in this case γ = 0, the results fit very well with the theoretical curve. It can be conclude that even small spontaneous decay rate cannot be eliminated in practical experiments, the results can still obey the theory with significant precision.
In spite of that, we still have to point out that when spontaneous decay is included, the probability that the second photon detection happens in a certain waiting time will be relatively lower. For the case γ = 0, within T 2 = 100T , one can basically ensure the detection of the second photon. When γ = 0.1g, however, the probability is reduced to approximate 50%. This shows that γ may have considerable influence on the success probability of our scheme. 
IV. DISCUSSION AND CONCLUSION
In this paper, we demonstrate an approach of generating entanglement between two trapped ions in a HOM experimental setup. With the detection of a single photon, two ions are projected into a maximally entangled state. Using a quantum jump simulation, we take into account experimental errors including detector efficiency, beam splitter imperfection and the spontaneous decay of the ions. With rigorous analysis, we prove that this method has great robustness against all investigated errors. This makes it possible to realize the second step of our scheme. By manipulating the ions with a laser field (i.e. ac stark shift), we can modulate the evolution of the entangled state, which controls the detection of the secondly emitted photon. By changing the added phase, the second order correlation function of the
